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Abstract 
Kalinowski, R., Small periods ofendomorphisms oftrees, Discrete Mathematics 121 (1993) 105--l I I. 
We investigate some problems concerning a generalization of the theorem of Sarkovskii for 
arbitrary trees. Among others, we show that, for a noncompact tree with at least three edges, the 
existence of periodic orbits does not imply the existence of fixed points. We also prove that the 
ordering of positive integers, determined by the coexistence of periods of endomorphisms of a tree T, 
is linear if and only if T is an interval. 
1. Introduction 
In what follows, trees are viewed as topological spaces, and they may or may not be 
compact. A compact tree is any space homeomorphic to a one-dimensional cell 
complex (each edge being isometric to the unit interval of the real line) which does not 
contain any nontrivial closed curve. Deleting some of the endpoints from a compact 
tree and then, possibly, taking a homeomorphism yields a noncompact tree. Since we 
are interested only in the topology of a tree, we assume that there are no vertices of 
degree 2, i.e. each vertex is either a branchpoint or an endpoint. By k(T) we denote the 
number of endpoints of a compact tree T, or the maximum number of endpoints of 
a compact subtree of T if T is not compact. Throughout, I stands for a simplest tree 
which is komeomorpkic to an interval of the real line; whence either I z[O, 1) or 
Zz(O, 1) or Zz(O,l), and in all cases k(l)=2. 
A continuous map of a tree T into itself is called an endomorpkism of‘ T, and End( T) 
indicates the set of all endomorphisms of T. 
Let fcEnd( T) and let x be any point, not necessarily a vertex, of T. We write 
per(x) = p to denote the fact that x is a periodic point of,f-period p > 1, i.e.f”(x) = x but 
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J”(x)#x for 1 bi<p. Anflorbit of x is the collection Orb(x)= {,f’(x) 1 i30). Finally, 
Per(f) stands for the set of,f-periods of all the periodic points in T. 
The famous theorem of Sarkovskii [6] characterizes the sets Per(f) for all 
endomorphisms of an interval I, as follows. Consider the ordering < of positive 
integers: 
Theorem 1.1 (Sarkovskii [6]). For any fEEnd(Z), $ pEPer(f) and p<q then 
q~Per(,j). Moreover,for uny set Q c N, with the property that 
qEQ whenever p<q and ~EQ, 
there existsfEEnd(T) with Per(f)=Q. 
Let us formulate the following consequences of the Theorem 1.1 in terms con- 
venient for our further investigations. Let fEEnd( I). 
(a) If pEPer(f‘), p > 1 and each prime divisor of p is greater than h(Z), then Per(,f‘) 
contains almost all integers or, more precisely, {q ( q > N(p)} c Per(f) with 
N(p)=p-1. 
(b) If Per(f)#B then ,f has a fixed point even if I is not compact. 
(c) If pEPer(f) and p>h(l), then there exists a q such that 2<q<h(I) and 
9E Per(f). 
(d) If 3EPer(f) then Per(f)= N. 
The aim of this paper is to study the possibility of extending statements (a-d) by 
considering an arbitrary tree Tin place of I. 
2. Preliminaries 
Let T be a tree and let x, yc T. An interval [x, y] in T is the unique shortest path 
between x and y. If the interior of [x, y] contains no branchpoints of T then [x, y] is 
called a simple interval. The subtree spanned by a set A c T is denoted by T[A]. 
Let,fEEnd( T) and let A be a finite or countable subset of T. We shall now define 
a digraph G(f; A) which has been found to be a convenient tool in proving the 
existence of periodic points (cf. [Z, 43). 
A vertex set of the digraph G(,f, A) is the set 
v(GCf;A))={Ca,blIa,bEA, afb). 
For a pair of vertices [a, b], [c,d], there is an arc [a, b]-t[c, d] in G(f, A) if 
Cc> 4 s U-(Q)> .f(b)l. 
We say that an interval [a, b]E V(G(f, A)) is A-primitive if [a, b]nA= {a, b}. 
Lemma 2.1 throws some light on the relationship between periodic f-orbits and 
directed closed walks (in which vertices and arcs can appear several times) of G(f, A). 
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Lemma 2.1. Suppose that AL T and fEEnd(T) satisfy the following conditions: 
(1) f(a)EA for each aEA; 
(2) f( [a, b])= [f(a), f(b)] for each A-primitive interval [a, b]; 
(3) T\T[A] contains no periodic points off; 
(4) every A-primitive interval is simple. 
Then there exists a periodic point XE T, with per(x) =p 3 1, only if the diyraph G(f, A) 
contains a directed closed walk of length p, unless p= 1 and XEA. 
Proof. Let per(x)=p. Suppose first that Orb(x)nA #@. Without loss of generality, we 
may assume that XCA. Hence, p> 1. Setting ai=fi(x) and hi=f’+‘(x), i=O, . . . . p- 1, 
we immediately obtain a directed closed walk of length p: 
since per(x) = p. 
Assume now that Orb(x)nA = 8. Due to the conditions (3) and (4), x belongs to 
a unique A-primitive interval [ao, bO]~ VC G(f, A)). It follows from (2) thatf(x) is an 
interior point of [f(ao),f(bo)] and, by (1) and (4), there exists a unique A-primitive 
interval [aI, b,] such that f(x)~[a~, b,] E [,f(a,,), f(bo)]. Hence, G(f; A) contains an 
arc [aO,bo]+[a,,bI]. By induction, for each i=l,...,p, we infer the existence of 
a unique A-primitive interval [ai,hi] such that fi(x)~[ai,bi] and there is an arc 
[ai_ 1 , bi_ 1] -[ai, bi] in G(f, A). Since f‘“(x) = x and [a,, b,] is unique, it comes out 
that [at,, b,] = [ao, b,] and, therefore, the digraph G(j, A) contains a directed closed 
walk of length p. 0 
The following lemma proved in [S] allows to transfer some results from stars to 
arbitrary trees, and thus to simplify proofs. 
Lemma 2.2 (Kalinowski [S]). Let Kl,h be a compact star and let fEEnd(KI,,,). If 
a branchpoint v is a fixed point off and there exists a neighbourhood Y ofv such that 
d(f(u),v)<d(u,v) for each UE Y\{v}, then for every tree T with h(T)=h there exists 
gEEnd(T) such that Per(g)=Per(f). 
3. Problem A 
The theorem of Sarkovskii gives a characterization of those sets of positive integers 
which coincide with Per(f) for certain endomorphisms f of an interval I. We do not 
attempt to search for an analogous characterization for arbitrary trees since this 
problem seems to be very difficult, as shown in [l], where the authors obtained such 
a theorem for a star K,,,. Although they restricted themselves only to those endo- 
morphisms for which a branchpoint of a star is a fixed point, their proof is extremely 
long and complicated. A partial generalization of the theorem of Sarkovskii has been 
given in [4]. Let T be a tree andfcEnd(T). Suppose pcPer( f) and all prime divisors 
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of p are greater than h(T). Then Theorem 1 in [4] asserts that there exists an integer 
N(p) which depends only on p such that {q 1 q >N(p)} E Per(f). This result is a direct 
extension of statement (a) of the introduction. However, its proof cannot be used to 
estimate N(p) because the existence of N(p) was inferred from the well-known 
theorem of Dirichlet on arithmetic progression. 
The following example shows that, for h(T)> 3, the number N(p) can be much 
larger than p even if p is a prime. For a given prime p 2 5, consider a star K,,,_ 1 with 
a branchpoint z: and endpoints xi, i= 1, . . . . p- 1 (see Fig. 1). Let x0 and w be two 
points in the interior of the edge [a, xp- i] such that X~E [v, w]. Let f map homeomor- 
phically each interval [a, xi] onto [u, Xi+ 1 ] , i = 0, . , p - 2, as well as intervals [w, x0] 
and [w, xp_ i] onto [u, x1] and [u, x0], respectively. Thus, fi(xO)=xi, i= 1, . . . . p- 1, 
and per(xO)=p. Set A=Orb(x,,)uOrb(w)={~,,,x~ . . ..x._i,w,r}. Then G(f,A) con- 
tains exactly three elementary cycles; two of length p- 1. 
1°+I’+...-+IP-2-+10 and J”+I’+...+~P-2+Jo, 
and one of length p, 
I”+I’-i...+IP~2+J p-l+IO, 
where Ii=[v,xi], i=O ,..., p-l, Ji=[w,xi], i=O, p- 1. Hence, each directed closed 
walk of G(J A) has length 1= a(p - 1) + fip for some c[, b > 0. Then, due to Lemma 2.1, 
each existing period qEPer(f) also satisfies q = cc(p - 1) + fip with c(, b 3 0. 
Note that the integer (p - 2)(p - 1) - 1 cannot be represented in the above form. For, 
suppose (p-2)(p- 1)- 1 =a(~-l)+flp. Then p(p-2-_)=(p-l)(cc+l): so p- 1 
would be a divisor of p - 2 - fi since p is prime. This contradicts the assumption /3 3 0. 
Obviously, ,f can be chosen such that it satisfies the assumptions of Lemma 2.2. 
Hence, for every prime p 2 5 and every tree T with h(T) =p- 1, we obtainfEEnd(T) 
such that pcPer(f) while (p-2)(p- 1)- l$Per(f); therefore, N(p)>(p-2)(p- 1). 
Actually, the existence of a directed closed walk C of length q in G(f,A) is not 
sufficient for the existence off-period q. However, as was shown in [4, Lemma 41, 
it becomes sufficient when C is composed of two cycles with relatively prime lengths 
and some additional conditions are fulfilled. It also follows from the proof of 
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[4, Theorem l] that N(p),<4p(p- 1) if p> h(T) is prime. However, the following 
conjecture seems very likely in view of [3, 41. 
Conjecture. If each prime divisor of p is greater than h(T)23 then N(p)=ph(T). 
4. Problem B 
We shall show that statement (b) cannot be extended for other trees. It is well 
known that every compact tree T is a space having a fixed-point property, i.e. every 
&End(T) has a fixed point. Therefore, statement (b) is not interesting for compact 
trees and here we shall deal with noncompact trees. 
Theorem 4.1. For every noncompact tree T with h(T) > 3 and for every positive integer 
p> 1, there existsfeEnd(T) such that pcPer(f) and l$Per(f). 
Proof. Consider first a noncompact star K,,, with a branchpoint v and with only two 
endpoints x1,x2. In the interior of a third, noncompact edge e, choose a point z. 
Further, let xg, . . , xp- 1, x,,, w be different points of the edge [x2, v] chosen in such 
a way that 
x2<x3< ...<x,_~<w<x(-J<v, 
where < indicates the natural ordering of the interval [x2, v] (see Fig. 2). Let f be an 
endomorphism of this star that maps homeomorphically the following pairs of 
intervals: [V,Xi] onto [Z,Xi+l] for i=O,l; [Xi,Xi+l] onto [Xi+l,Xi+2] for 
i=2, . . . ,p-2; and [w,xi] onto [v,xi+l] f or i= 0, p- 1 (here indices are to be read 
modulo p). Assume also that d(f(u), v) > d(u, v), where d is a metrics of the noncompact 
edge e, for each point u of e. Thus, per(xO) =p. Set A = Orb(xe)uOrb(w). It is easy to 
see that G(l; A) does not contain a loop. Lemma 2.1 implies l$Per(f). 
Each noncompact tree Twith h(T)> 3 contains a subtree S which is a star K,,, with 
a noncompact edge. To construct the required endomorphism of T, it is, clearly, 
enough to compose the above-definedfEEnd(S) with a projection of T onto S. 0 
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Note that if p > h(T) is a prime then, due to the result of [4] mentioned in Section 3, 
almost all integers are in Per(f). Theorem 4.1 states that, at the same time, Per(f) 
need not contain 1. 
5. Problems C and D 
First we shall consider the problem of the existence of ‘small’ periods q with 
2 by <h(T), in case when f has a ‘large’ period p >h(T). Imrich [3] proved the 
following theorem. 
Theorem 5.1 (Imrich [3]). Let T he a compact tree and let feEnd(T). 1j p > 1 and 
pEPer(f)nCq12~49h(r)}#~. 
Now we shall show that the coexisting small periods can be different for different 
endomorphisms of T with the same period p. 
Proposition 5.2. Let T be a tree with h(T)= h and let p and q satisfy the inequality 
p>haq>l. There exists fcEnd(T) such that pEPPer and each element of 
Per(f)n(2,3, . . . , h} is a multiple ofq. 
Proof. In order to make this proof simpler, we shall first construct the required 
endomorphism in the simplest case when T is a star Kl,* and p = h + 1. 
Let c’ be a branchpoint and let x1, . . . , xh be endpoints of Kl,h. Choose a point 
x,, = xh+ 1 in the interior of the edge [u, xq]. LetfEEnd(K,,,) maps homeomorphically 
each interval [u, Xi] onto [v, xi+ 1 J, i = 0, . . . , h, i z q and [x0, x,] onto [.x1, xq+ 1 J. Thus, 
per(xO)=p= h+ 1 and per(a)= 1. There exists WE[X,,,X~] withf(w)=v. Let 
A=Orb(x,,)uOrb(w)= {x0, . . . . x,,,w,u). 
It is easy to see that G(f, A) has only three elementary cycles, two of length q, and one 
of length p > h. We infer from Lemma 2.1 that every f-period not exceeding h is 
a multiple of q. 
Now, fix any p = nh + r, with n 3 1 and 1 d Y d h. ConstructfeEnd(K l,h) for the same 
star Kl,h as follows. For each i= 1, . . . . h, choose n- 1 points, Xi+h,Xi+Zh, .. . . Xi+(n-l)h 
in the interior of the edge [Xi,u] ordered as follows: Xi<Xi+h<..‘<Xi+(n-I)h<L’. 
Further, for each j=O, 1, . . . . r-- 1, choose Xp_j in the interior of [Xq-j+(n_l)h,V]. Let 
A={xi( l<idp}u(u} and let xO=xp Assume that f(u) = u and f maps homeomor- 
phically every A-primitive interval [xi,xj] onto [x~+~,x~+~], i,j=O, . . ..p- 1. Obvi- 
ously, per(xO)=p and Orb&)= A\{u}. It is not hard to verify that each elementary 
cycle in G(S, A) is of length l= q or l> h. We deduce the required properties of Per(f) 
from Lemma 2.1. 
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We can assume in addition that f contracts a certain neighborhood Y of v. Thus, 
the conclusion for an arbitrary tree T follows from Lemma 2.2. 0. 
Remark 5.3. Note that, if we assume q > h(T)/2 in Proposition 5.2, then there exists 
fEEnd(T) with Per(f)n{2,...,h(T)}={q}. 
Remark 5.4. Proposition 5.2 also gives a negative solution of problem D. Namely, 
when h(T)>3, there do not exist p such that PePer(f) implies Per(f)=N for all 
f~ End( T). 
Now, fix a tree T. Following Sarkovskii [6], define an ordering cT of positive 
integers by the following rule: p-cTq if, for every fcEnd(T), we have qEPer(f) 
whenever PE Per(j). Let 2 <q <h(T) and p > h(T). It follows from Proposition 5.2 that 
there existsfEEnd( T) such that PEPer(f) and q$Per(f). On the other hand, there 
exists gEEnd(T) such that Per(g)G{l,q} (cf. [S]). Thus, neither p<=q nor q-cTp. We 
have still proved the following theorem. 
Theorem 5.5. The ordering <= is linear if and only ij” h( T) = 2. 
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